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1 Introduction 

Let X and Y be real analytic Cauchy - Riemann manifolds in complex affme spaces (of different 
dimensions, in general), and / : X — > Y be a smooth C1Z mapping. It is natural to ask under 
what conditions / is real analytic (and, therefore, extends holomorphically to a neighborhood of 
X)l The intrinsic tool to study this problem is the reflection principle. It has two major variations: 
the analytic one (which makes use of the tangent Cauchy - Riemann operators) and the geometric 
one (involving a study of analytic geometry of the Segre families). In the present paper we assume 
that Y is a real algebraic variety and use the analytic approach. Algebraicity of Y allows to involve 
additionaly methods of commutative algebra. A local character of the problem makes it more 
convenient to formulate some of our results in terms of germs of C1Z mappings. 

Let X be a real analytic hypersurface in(D ra , minimal at a point p£X. As usual, the minimality 
means that X contains no germs of complex hypersurfaces in a neighborhood of p. Let also Y be a 
real algebraic subset of i.e. the zero set of finite number of real valued polynomials inC^. Fix 
a point p£l and consider a germ of a smooth (everywhere below this means C°°) C1Z mapping 
pf : X — > Y of X to Y. This means that there exists a neighborhood U of p in (D n and a 
representative mapping / of p f defined on X (1U such that f(X PI U) C Y. 

Consider also the field A4 P (X) of restrictions to X of germs of meromorphic functions at p and 
the finite type extension M. p {X){ p ii, ..., p fjv) of this field generated by the components of the germ 
pf . Denote by tr.deg.( p i) the transcendence degree of this extension over Ai p (X) (see section 2 for 
definitions). The transcendence degree measures "the degree of non - analyticity" of p { . If tr.deg. p f 
is equal to m, we will show that the graph of p f is contained in a complex (n + m) - dimensional 
variety in(D n+N . In particular, we will show that p f is real analytic if and only if tr.deg.pf = 0. 

Let / : X — ► <D N be a smooth CK mapping of a real analytic minimal hypersurface. There 
exists an open dense subset of X where the rank of / achieves its maximal value, which we call 
the generic rank of /. As usual, by rank p i (the rank of the germ p f) we mean a generic rank of 
its representative mapping; this definition does not depend on the choice of a representative. The 
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geometric property of real submanifolds in (D n which we study in this paper can be described as 
follows. 

Definition 1.1 Let Y be a real algebraic subset of(D N and p be a point in Y . Let also r and m 
be positive integers. We say that Y is (r, m) - flat at p if there exists a real analytic submanifold 
M dY through p of real dimension r which is biholomorphic to the cartesian product VxD, where 
r is a real analytic submanifold in a complex space of smaller dimension and D is a domain in(D m . 

Of course, this definition still makes sense, if Y is just real analytic. In this paper we will use 
it in the algebraic case only. 



One can consider the manifold M in Definition 1.1 (up to biholomorphic equivalence) as a trivial 



fiber bundle with holomorphic fibers and the real analytic manifold F as the base. If Y admits such 
a bundle, holomorphically embedded as a submanifold, then in general one can construct a smooth 
C1Z mapping from X to Y which is not real analytic. For instance, if a manifold rxD, where V 
is a real submanifold in (D fc and D is a domain in C, is contained in Y and X is a real sphere, one 
can consider a C1Z mapping from X to F x D of the form {g, h), where g : X — ► T is a constant 
mapping and g is smooth, but not real analytic C1Z function on X. 
The main goal of the paper is to prove the following 

Main Theorem Let IcC" (n > 1) be a real analytic hypersurface, minimal at a point p £ X 
and Y C <E N be a real algebraic set. Let p f : X — ► Y be a germ of a smooth C1Z mapping at p with 
rankpf = r , tr.deg. p f = m. Then in any neighborhood of p i(p) there are points where Y is (r,m) 
- flat. 



This result means that the existence of bundles described by Definition 1.1 is the only reason 
for the non - analyticity of a C1Z mapping and, moreover, the "degree of non - analyticity" does 
not exceed the complex dimension of fibers. In order to use this theorem for the study of analytic 
properties of C1Z mappings it suffices to find the obstacles for a holomorphic embedding in Y of 
such bundles. This gives an upper estimate for the transcendence degree tr.deg.( p f). The following 
result is a corollary of Main Theorem (see section 4). 

Theorem 1.2 Let I cC" (n > 1) be a real analytic hypersurface, Y C & N be a real algebraic 
set and p f : X — ► Y be a germ of a smooth C1Z mapping at p £ X . Suppose that X is minimal 
at p and denote by d the maximal dimension of complex analytic varieties contained in Y in a 
neighborhood of p f(p). Then tr.deg.( p f) < d and the graph of p f is contained in a complex (n + d) 
- dimensional analytic variety. In particular, if Y does not contain complex analytic varieties of 
positive dimension in a neighborhood of p {(p), then p f is real analytic. 



The estimate of the transcendence degree obtained in Theorem 1.2 may be considered as a 
result on partial analyticity of p f . If, additionally, X is algebraic, a result similar to Theorem 1.2 
was obtained in however, there is an important difference. In Q the transcendence degree is 
considered over the field of rational functions in (D™. Hence, the estimate on the transcendence 
degree concerns algebraic properties of /. The proof of our results is more delicate since we assume 
X to be only real analytic and purely algebraic methods are not enough. Analytic part of this 
paper is based on the ideas of [jDJ . 

Even in the case when Y does not contain complex analytic varieties of positive dimension, 
Theorem is new. We mention here some special cases of Theorem which were previously 
considered by other authors: 
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1) X is a real analytic strictly pseudo-convex hypersurface in (D n and Y is a real sphere in (D 



2) X is a real analytic strictly pseudoconvex hypersurface in C n and Y is a real algebraic set in 
<D N with d = 0(A.Pushnikov @). 

3) X and y are real algebraic strictly pseudoconvex hypersurfaces ( X.Huang Q). 

4) X is a real algebraic hypersurface in (D n containing no complex analytic varieties of positive 
dimension and Y is the sphere in (D n+1 ( M.S.Baouendi, X.Huang and L.P.Rothschild 

We point out that the result of Theorem is new even in the equidimensional case. In 
particular, we have the following 

Corollary 1.3 Let X and Y be real hypersurfaces in (D™. Assume that X is real analytic and 
minimal and Y is real algebraic. Let f : X — > Y be a C°° smooth C1Z mapping. If Y contains no 
complex analytic varieties of positive dimension, then f is real analytic. 

In the case when X is real algebraic and holomorphically non - degenerate, a similar result was 
obtained by M.Baouendi, X.Huang and L.Rothschild 

Other applications of Main Theorem concern germs of C1Z mappings of maximal rank. This 
assumption allows to weaken the restrictions on Y. 

Recall that a real hypersurface M is called holomorphically degenerate at a point a G M if there 
exists a non-zero germ of a holomorphic vector field tangent to M at a; M is called holomorphically 
non - degenerate in a neighborhood U of p G M, if it is not holomorphically degenerate at every point 
of U n M. Clearly, M D U is holomorphically non - degenerate, if and only if in any neighborhood 
of every point a G M n U it is not locally biholomorphic to the cartesian product T x D where T is 
a real analytic hypersurface a complex space of smaller dimension and D is a domain in(D. One can 
naturally extend this definition as follows. Let M be a real analytic manifold in a neighborhood 
of a point p G (D n . We say that M is d-holomorphically non - degenerate in a neighborhood U of 
p, if in any neighborhood of any point of M H U it is not biholomorphic to a cartesian product 
r x D where D is a domain in <C d . Notice that ad- holomorphically non - degenerate manifold can 
contain complex analytic varieties of dimension > d. 

Corollary 1.4 Let X C (D n be a real analytic hypersurface minimal at a point p G X, and Y 
be a real algebraic manifold in (D , d -holomorphically non - degenerate in a neighborhood of a 
point p' G Y. Let p i : X — > Y be a germ of a smooth C1Z submersion with p f(p) = p' ■ Then 
tr.deg.(pi) < d and the graph of p f is contained in a complex analytic variety of dimension < n + d. 

In particular, we have 

Corollary 1.5 Let X and Y be real hypersurfaces in (D n . Assume that X is real analytic and 
minimal at p G X and Y is real algebraic and holomorphically non - degenerate. Let f : X — ► Y 
be a smooth C1Z mapping of generic rank n. Then f is real analytic. 

If both X and Y are algebraic and holomorphically nondegenerate, a similar result was ob- 
tained by M.S.Baouendi, X.Huang and L.P.Rothschild (2|. By the example of P.Ebenfelt (see f2|) 



the minimality condition in Corollary 1.5 cannot be replaced by the holomorphic nondegeneracy. 
Another special case of Corollary |l.5| ( Y is a rigid algebraic hypersurface) was considered by N.Mir 
[||] and J.Merker and F.Meylan [[n]]. Related results were also obtained in [||, 10]. 
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2 Outline of the proof of the Main Theorem 



Recall some standard constructions from commutative algebra. For any entire ring K denote by 
x\, . . . , x m ] the ring of polynomials in m variables with coefficients in K . If F is the quotient field 
of K, we denote by F(x±, . . . , x m ) the quotient field of K[xi, x n ] which is identified with the field 
of rational fractions over F. In the case where K = (D we identify them with the ring (D[Zi, . . . , Z m ] 
(resp. the field &(Zx, Z m )) of polynomial (resp. rational) functions on (D m . More generally, 
let F > E be a field extension and oti,...,a n be elements of E. We denote by F(a±, a n ) the 
smallest subfield of E, containing the field F and every ay. Obviously, it coincides with the field 
of rational fractions in ai, a n with coefficients in F. We say that E is finitely generated over F 
if there exists a finite family of elements a\, a n in E such that E = F(a\, a n ). Recall that a 
finitely generated extension E = F(a%, ...,a n ) is algebraic over F if and only if every ai is algebraic 
over F. If S is a subset of E, we still denote by F(S) the smallest subfield of E containing S and 
say that S generates E. 

Let F E be a field extension and S be a subset of E. We say that S is algebraically 
independent over F if for every s\, s m € S and every polynomial J 3 G ^[xcij ...,x m ] the equality 
P(si, ...,s m ) = implies P = 0. A finite subset S € E, which is algebraically independent over F 
and maximal with respect to the inclusion ordering, is called a transendence base of E over F. In 
this case E is algebraic over F(S). Any two transcendence bases of E have the same cardinality 
which is called the degree of transcendence of E over F and is denoted by tr.deg.(E/F). Moreover, 
if S generates E and S' is a subset of S, algebraically independent over F, then there exists a 
transcendence base B of E such that S' C B C S. We refer the reader to |?J for proofs of the above 
statements. 

We describe now the general scheme of the proof of the Main Theorem. Let X be a generic 
real analytic manifold in a neighborhood of a point p € X in (D™ and Y be a real analytic subset in 
a neighborhood of a point p' € (D^. We denote by O p the ring of germs of holomorphic functions 
at p and by O p (X) the ring of germs of their restrictions to X (since X is generic, these rings are 
isomorphic). Let A4 P be the field of germs of meromorphic functions at p (i.e. the quotient field of 
Op) and A4 p (X) the field of germs of their restrictions on X. If D is a domain in (D™, 0(D) denotes 
the ring of holomorphic functions on D and A4(D) the field of meromorphic functions on D i.e. 
the field of sections of the sheaf of germs of meromorphic functions on D. Similarly, 0{X) (resp. 
M(X)) denote the ring (resp. field) of their restrictions to X. For every function h, meromorphic 
on 0, there exists a complex analytic set in such that h is holomorphic outside of this set. The 
smallest analytic subset of f2 with this property is called the set of singular points of h and is 
denoted by Sing^. It is well known that every meromorphic function on a Stein domain 0, is as a 
quotient of two holomorphic functions in £1. 

We denote by P C^(X) the ring of germs of C°° smooth C1Z functions on X at p and by 
(pCcii(X)) N its N — th cartesian power. By a germ of a smooth C1Z mapping p f : X — ► Y we 
mean an element p f £ { P C^{X)) N such that for some neighborhood U of p in (D n there exists a 
representative mapping / of p f , smooth and C7Z on X n U and satisfying f(X HU) CY. As in the 
previous section, we consider the field extension M p (X)( p fi, ..., p f/v) of the field M. P {X) of germs 
of meromorphic functions at p finitely generated by components of p f and denote by tr.deg.( p f) its 
transcendence degree over Ai p (X). 

This means that for m = tr.deg.( p f) there exist integers 1 < i\ < . . . < i m < N such that 
(pf ij , . . . , pf i m ) is a transcendence base of Ai p (X)( p fi, . . . ,pfjv) over A4 P (X). After an eventual 
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remuneration we assume without loss of generality that i\ = l,...,i m = m. We will use the 
notation p f = ( p g, p h), where p g = ( p gi, . . ., p g m ) = (pfi, . . . , p f m ) and p h = (phi, . . . , p h N ^ m ) = 
( p f m+ i, . . . ,pfAr). Denote the coordinates in <C N by Z' = (z',w f ), z' = (z[, . . . , z' m ) and w' = 
(w' 1 ,...,w' N _ m ). 

Fix a representative mapping / = (<?, h) of p f in a small enough connected neighborhood U of p 
in X. The first step of our construction is the embedding of the graph T j to some complex variety, 
canonically defined by p f . 

Since { 

pgl) pgm 

} is an algebraically independent system over the ring M P (X), the substitu- 
tion morphism O p (X)[xi, x m ] — ► O p (X)[ p gi, ..., p g m ] is a ring isomorphism. By the definition 
of a transcendence basis and the Gauss lemma there are non-zero irreducible polynomials Qj in 
the ring O p (X)[ p gi, . . . , p g m ][x] such that Qj( p hj) = (see JjJ, Ch.V, Th.10). Represent every 
polynomial Qj in the form Qj = Y^ I kLQP < \jk{Z-, p g)x k , where degQj = Nj > and p qjfc G O p (X)[z']. 
Denote by qjf. corresponding representatives on U x W, where W is a neighborhood of g(p) in (D m . 
We associate with them holomorphic functions 

Q J (Z,Z'):=J2Qjk(Z,z')w' k J (1) 

k=0 

and a complex analytic variety ^l p f in a neigborhood U xU' of (p, f(p)) in(D n xC^, defined as the 
set of their common zeros: 

A pf = {(Z,Z'):Qj(Z,Z') = 0,j = l,...,N-m} (2) 

where every Qj represents an irreducible polynomial in w'j over the ring O p (X)[z[, z' m ]. 
The graph Tf of / is contained in A p f . Let 

A : <D n (Z) x<D m (z') xC^fw') -^<C n (Z) x<C m (z') 

be the natural projection. Consider a complex analytic variety V in a neighborhood U x W of the 
point (p,g(p)) in(D n xC m defined by U S {£> S (Z, z') = 0}, where L> s G 0(C/)[z'] is the discriminant of 
Q s with respect to w'j. Then the restriction A : ,4 p f\A~ 1 (V) — >(D n xC m is a local biholomorphism. 
Denote by T pS the graph of g in U x W. Since every D s is an element of 0(U)[z[, z' m ], the 
algebraic independence of the system {pgi, . . . , P g m } over O p (X) implies that r pg is not contained 
in V. Consider the set 

Z = U S {Z GXCiU : D s (Z,g(Z)) =0} (3) 

Then for any a G X\E the point (a, g(a)) is not in V. We will show in the next section (Lemma 
3.1) that E is of measure (with respect to X). 

Remark. In general the variety A pf is reducible. Let f f = {(Z,Z') : Z G X\S,Z' = f(Z)}. 
Since A : A p f — ► U x V is a local biholomorphism near any (Z, Z') G Tf, the union of all irreducible 
components of A p f with non - empty intersections with is a complex analytic set in U x V of 
pure dimension n + m, containing the graph Tf (one can easily show that, in fact, there is only one 
such component, but we do not need this fact). 
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The next step is to study the local geometry of A p f in a neighborhood of a point a £ (X nU)\E. 
Let tt : <D" x <C N — ► (D n and tt' : <D n x <E N — ► <C N be the natural projections. We denote by A pf \X 
the "restriction" of A f to X defined by the additional assumption Z € X in equations (Q) i.e. 
A pf n vr-^X). Obviously, 7r(^ pf \X) C X. 

It follows from the implicit function theorem that there exist a neighborhood U a of a in (D n , a 
neighborhood V' a of 5(a) in (D m and a neig hborhood V' a ' of 7i(a) in C^"" 1 such that A { \X can be 
represented in U a x V a with V a = x V" in the form u/ = H(Z,z'), Z £ In C/ a , where -ff is 
holomorphic in U a x V^'. Hence the triple {.4 p f|X n (U a x V a ),ir, X n £/ a } has the structure of a 
trivial fiber bundle over X nU a with holomorphic fibers tt~ 1 (Z) = {Z' = (z',w') : w' = H(Z,z')} 
of complex dimension m. 

The crucial question is whether the projection tt' takes the fibers of tt to Y1 Thus we need the 
following condition : 

7r'((^ f \x) n (C/ a x y a ) C Y (4) 

This condition allows to transfer the structure of the bundle {(A p f \X) n (U a x V^),7r,XnC/ a } to 
the target set Y. Since the fibers of tt are complex manifolds and the projection tt' is holomorphic 
in the ambient space, it preserves the complex structure of fibers. Moreover, the restriction of tt' 
to a fiber of tt is biholomorphic and this allows to construct many complex subvarieties in Y. 

The following proposition shows that the condition (^|) implies the (r, m) - flateness of Y and 
is the key for our approach. 

Proposition 2.1 Suppose that fy) holds. Then there exist a positive integer r = r(a) > rank p f 
such that in any neighborhood of f{a) there are points where Y is (r, m) - flat. 

Proof : This is a direct corollary of the rank theorem. Denote by r the maximal rank of the 
restriction 7r'|(^l p f|X) fl (U a x V a ) and by S the open dense subset of (^ p f|X) n (U a x V a ) where 
this rank is equal to r. Since the graph of / over X is contained in ,A f \X, r is bigger or equal 
to the generic rank of /. Fix a point (Z°,Z'°) £ S, close enough to (a, /(a)), and neighborhoods 
W a C U a of Z° in(D n and W' a C V a of Z'° in<D N , such that the intersection n = (A f \X)Pi(W a x W' a ) 
is contained in S. It follows from (|j) and the real analytic version of the rank theorem, applied to 
the restriction 7r'|0, that there exist neighborhoods W a C W a of Z° in <C n and W' a C W' a of Z'° in 
<D N such that M a := ir'(n) is an r-dimensional real analytic submanifold in Y n W' a . Furthemore, 
since the restriction of the projection tt' on every fiber of tt has the maximal rank, there exists a 
real analytic submanifold r„Cl through Z° such that the restriction tt' : £2 n 7r~ 1 (r a ) — ► M a is 
a real analytic diffeomorphism. Since the projection tt' is holomorphic on the ambient space and 
17 n 7r _1 (r) is a trivial fiber bundle over T a with liolomorpliic fibers, we get desired statement. 

Since (XC\U)\E is dense in X n£7, this proves the Main Theorem under the additional condition 

®. 

The goal of the rest of this paper is to show that the condition (||) holds if X is a real analytic 
minimal hypersurface in(D n and Y is a real algebraic set ind^. We make use of two principal tools: 
results on meromorphic extension of certain classes of C1Z functions and algebraic field extensions. 
In the next section we discuss the problem of meromorphic extension. 
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3 Reflection, meromorphic extension and algebraic dependence 
over intermediate fields 

3.1. Intermediate field extensions. Let X be a real analytic generic minimal (in the sense of 
A.Tumanov |20|| ) submanifold in a neighborhood of a point p G X in(D n . Assume that X is defined 
by a vector - valued function p = (pi,...,p<i) which is real analytic in a neighborhood of p and 
dpi A ... A dpd ^ at p. Denote by Z = (z,w) with z = (Z\, Z n ^d) and w = (Z n -d+l, Z n ) 
the coordinates in (D™. Assume that det(^)(p) ^ 0. Consider the Cauchy - Riemann operators in 
a neighborhood of p on X given by 



Ck = w k -^ 1 aik{z) i (5) 

with (ajk) = (dp/dw)~ 1 (dp/dw). 

Denote by Of{X) the ring of germs at p of real analytic functions on X and by P C^{X) (resp. 
p C~-(A)) the ring of germs at p of C°° smooth C1Z (resp. anti C1Z) functions on X. If f2 is an 
open subset of X, we denote by C 1R (Q) (resp. C^-(Q)) the ring of real analytic (resp. anti C1Z) 
functions on f2. 

We denote by V P (X) the set of linear combinations of elements of p C2£L.(X) with coefficients 
in O^-(X). It is worthwhile to emphasize that the values of real analytic coefficients and anti C1Z 
functions are always considered at the same point of X, so the elements of V P (X) are germs of 
functions on X at p. 

Notice that V P {X) is a Of{X) - module and Cj( p h) G V P (X) for every germ p h G V P {X). 
We will need the following property of the ring V P (X). 

Lemma 3.1 Let X be a generic real analytic manifold in (D ra minimal at a point p G X , and 
p h G V P {X). Let U be a connected neighborhood of p in(D n , h be a representative of p h on X n U 
and E = {Z G X f] U : h = 0}. Suppose that that the intersection of E with every neighborhood of 
p is of positive measure (with respect to X). Then p h = 0. 

Proof : It follows from [20 that there exist small enough connected neighborhoods U' C U of p 
and an open convex cone V in TR d such that each C1Z function on X n U extends holomorphically 
to the wedge W = {Z G U'\r(Z) G V}. 

Consider a foliation of X n U' by real analytic maximal totally real manifolds {Mt}t (i.e. 
dimMt = n for any t), where the parameter t is in a domain D C IR n_rf . By the Fubini - Tonelli 
theorem F := {t G D : mes(Mt HE) > 0} is the subset of D of positive measure. Let t G F and 
h = Et=i a v g v with a u eO R (XnU) ,g u £ C^{X D U). 

Every restriction a u \Mt extends antiholomorphically to a neighborhood of Mt and every g v 
extends antiholomorphically to W. Hence, h\Mt coincides with some function h which is antiholo- 
morphic W and smooth up to M t C X n U. By the boundary uniqueness theorem || |14| h = 
and thus h\M t = 0. Therefore, Ut^Mt C E. 

Now we can consider another foliation {Mj.} of X n U such that each M/ n E has positive 
measure and repeat the previous arguments to conclude that E = X D U. 

In particular, we have the following 
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Corollary 3.2 If X is minimal atp, then V P (X) is an entire ring. 

This last corollary allows us to introduce the quotient field of the ring V P (X) which we denote 
by M*(X). Let U be a neighborhood of p in (D n . A representative h of p h of M*(X) in X n U is 
a quotient y>/^>, where ip and ■0 are representatives of germs from V P (X) in Xn(7. Let Singh '■= 
{Z £ X D U : = 0} be the singular set of h. If C/ is small enough, it is a closed subset of 
X n {/ of measure and /i is a smooth function on (X n U)\Singh. We will call the points of 
(X n U)\Singh regular for h. In what follows we say that a subset E C (X n U) through p is a "P 
- set, if there exists a non- zero germ p g 6 V P {X) which admits a representative 5 on X n J7 such 
that £ = {2£ln[/:3 = 0}. 

3.2. Reflection and meromorphic extension. The following assertion is our main analytic 
tool. 



Proposition 3.3 Let X be a real analytic hypersurface in(D n , minimal atp EX. Let p h E A4*(X) 
and h be its representative in a neighborhood U of p. Assume that there exists a V - set E C (XClU) 
containing Sing^ such that h is a C1Z function on (X D U)\E. Then p h E M P (X), i.e. p h is 
meromorphic. 



Proof : In what follows we denote by A k (a,r) the polydisc in (D centerd at a of radius r (we 
write A(a, r) if k = 1 and A k (r) if a = 0). We may assume that p = 0, U is a neighborhood of the 
origin in (D n of the form U = A n (r), r > 0. In what follows we will replace r by smaller positive 
numbers when we need; in order to avoid complications of the notations, we keep the same notation 
r for these numbers. Suppose also that X n U is defined by {Z E U : p(^) = 0} where p is a real 
analytic function with dp/dZ n / on [/ and X is minimal at every point of X D U. 



In view of Lemma 3.1 we may assume that E n U is of measure (with respect to X). We 
use the notation Z = (z,w), z E (D n_1 , w G (D for coordinates in (D n and assume that for every 
z E A n_1 (r) the linear disc 



l(z) := {z} x A(r) (6) 

intersects X transversally at every point. 

If V C U is a neighborhood in <D n of a point a E (I fl (/), V + (resp. I/ - ) denotes the 
corresponding one - sided neighborhood {Z E V : p(^) > 0} (resp. {Z E V : < 0}). 



In view of [19] we may suppose that the following holds: 



(a) there exist a fundamental system of neighborhoods {U s } s , {V s } s of the origin with V s C U s 
and such that for any s every function holomorphic in £/+ extends holomorphically to V^. 

(b) for every point a E X fl U there exist fundamental systems of neighborhoods { a K,} s , { a U s } s , 
a V s C a^Zs of a such that for any s every function holomorphic in a U^ extends holomorphically 
to a V s or for any s every function holomorphic in a U~ extends holomorphically to a V s . 



Let h = <p/i(), where the functions <p and tp are of the form 
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a v 9v 



(7) 



with a v G O u (X nU) , g„ e C^-(X nU). We proceed the proof in three steps. 

Step 1. Reflection. We begin with the following corollary of the Schwarz reflection principle. 

Lemma 3.4 Let cp~ be a function, holomorphic on U~ and continuous up to X n U. Then there 
exists a real analytic function on U + continuous up to XP\U and such that for every z G A n _i(r) 
the restriction (f> + \l(z) fl U + is antiholomorphic and 4>~\{X f] U) = 4> + \X{C\U). 



Proof : It follows from the implicit function theorem that there exists a real analytic mapping 
$(z,w) : U — > A with the following property: for every z G A n_1 (r) there exists S z > such 
that the mapping <I> 2 : A(r) — ► A(5 Z ), § z : w ^ <&(z,w) is a biholomorphism between the 
domains {w G A(r) : r(z,w) < 0} and {to G A(5 Z ) : Imu) < 0} and maps the real analytic curve 
{w G A : r(z,w) = 0} to [— S Z ,S Z ]. Let cr : uj — > uj be the standard conjugation in (D. Now it 
suffices to set 4> + (z, w) = cp~ o Q^ 1 o a o $ z (w). 

Every real analytic coefficient in the representation ([?]) of (p (resp. ip) extends in a real analytic 
way to U + and is holomorphic on every disc (||). By the condition (a) every anti C1Z function 
onlfl U + extends antiholomorphically to a smaller neighborhood of the origin which we again 
denote by U. Apply Lemma 3^ to these antiholomorphic functions in the representation (0) of 



(p and if). We get that they extend to U + as real analytic functions, holomorphic on every disc 
l{z) n U + . Finally we get that ip and if) extend to real analytic functions c/? + and if) + on U + , which 
are holomorphic on every disc l(z) fl U + . 

Let E' denote the set of points z in A n_1 (r) such that the disc l(z) intersects E along a 
set of positive linear measure. Since every function of the form (^) extends antiholomorphically 
to l{z) n U~ , it follows from the boundary uniqueness theorem that for every z G E', one has 
(l(z) f]X) C E. By Fubini - Tonelli theorem, E' is a closed subset of A n_1 (r) of measure 0. Hence, 
h + := is the quotient of two real analytic in U + functions and for every z G A n ~ 1 (r)\E' 

the restriction h + \l{z) fl U + is meromorphic and coincides with h on l(z) D ({X fl U)\E). 



Step 2. Meromorphic extension. The next step is to extend h meromorphically to an open 
dense subset of U+. Let S = {Z = (z, w) G U + : Z G l(z), z G E'}. 

Lemma 3.5 The function h + is meromorphic on U + \S. 



Proof : Let (z ,w ) be a point in U + \S. Fix a point a G l(z ) n ({X n U)\E)). By (b) there 
exists a one - sided neighborhood V of a such that h extends holomorphically to V. Since h + is 
meromorphic on every l(z) and coinsides with the C1Z function h on {X n U)\E, it is holomorphic 
on V, if V C or extends holomorphically to V, if V C Let us assume that V C C/ + (the 
other case can be treated similarly). 

Fix a point uj G A(r) with (zoi 1 ^) G and 5' > such that {^o} x A(uj,5') is contained in 
V. There exists a simply connected domain G in € such that {zq} x G is compactly contained 
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in U + \E and contains both {zq} x A(u;,£') and (zq,wq). Fix 5" > such that the polydisc 
A n_1 (zo, 5") x A(w, 5') is contained in V. The function /i + is holomorphic there and for every fixed 
z G A n_1 (,2o, <5") is meromorphic on {z} x G. It follows now from the classical Rothstein lemma 
[16, 17 1 that h + is meromorphic on A n_1 (zo, 5") x G. Thus, h + is meromorhic in a neighborhood 



of any point of U + \S. 

Step 3. Elimination of singularities. We show now that S is a removal singularity for h + . 

Lemma 3.6 Let D C (D be a domain and ip, ip be real analytic functions in D. Suppose that 
■0(C°) 7^ f or some (° G D and h := is holomorphic in a neighborhood of £°. T/ien /i is 
meromorphic in D. 



Proof : It is enough to prove lemma for D = A = {|C| < 1} and C° = 0. Let (' G A\{0} and 
7 = € A : £ = € [0, 1/|C'|[}- The restrictions i/?|7 and ?/)|7 admit holomorphic extensions 
(p and ip to some neighborhood O of 7 in A. Therefore the function tp/tp is meromorphic in Q and 
coincides with h = ip/tp on 7 near 0. By the uniqueness theorem h = (p/ip in & neighborhood of 
0. By analyticity the equality (ftp = 0ip holds everywhere in f2 and therefore h is meromorphic in 

C'en. 

Lemma 3.7 The function h + extends meromorphically to U + . 

Proof : Let Z° G S and E = {Z G U + : ^p + {Z) = 0}. We may assume that Z° = 0. Moreover, 
since E is closed and nowhere dense in {7 + , we can choose an affine coordinate system Z = {Z\* Z), 
' Z = (Z2, Z n ) in(D n with the following properties: 

there exist a point a = (ai/0) G U + \E and positive Si < 62 such that 

(i) Ui := A"(a,<5i) = A(ai,5i) x A^-^'O,^) C U+\E, 

(ii) U 2 := A(ai,<5 2 ) x A n-1 ('0, ^i) C U+, 

(iii) G U 2 . 

The function /i + = ip + is already known to be holomorphic in U\. By Lemma |3.6| for any 
fixed 'Z G A" _1 ('0, 5\) it extends meromorphically to A(ai,<!>2) as a function of Z\. Hence, by the 
Rothstein lemma, it is meromorphic in a neig hborhood of Z° = 0. 

It follows from (b) that the envelope of holomorphy of U + contains a neighborhood of the origin. 
Therefore, h + extends meromorphically to a neighborhood of the origin (see for instance H, |l7|, |l8|). 
This completes the proof of Proposition |3.3| . 

3.3. Algebraic dependence. We will now apply the previous results to analyze the property 
of algebraic dependence over certain functional fields. 

Definition 3.8 Let { p hi, . . . , p h/%} be a finite subset of P C^(X). We say that it is algebraically 
dependent over M.* p (X) if there exist a non-zero polynomial P Q in M*(X)[Xi, . . . ,Xk], a neigh- 
borhood U of p, representative functions hj of p hj on X n U , a representative polynomial Q of P Q 
on X n U and a V - set E C X ClU containing the singular set of every coefficient of Q, such that 
Q(hx, ...,h k ) = on {X fl U)\E. 
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The main result of this section is the following: 



Proposition 3.9 If a finite subset of P C^(X) is algebraically dependent over Ai p (X), then it is 
also algebraically dependent over M. P (X). 

Proof : Let { p hi, . . . , p h k } C P C<2^(X) be a algebraically dependent system over M*(X). This 
means that there exist a neighborhood U of p , a system of representatives {hi, h k } on X n U, 
a polynomial 

m 

Q(X U -,X k ) = QjiZ^S^Xu . . .,X k ), 

3=0 

where Sj are monomials and every qj represents a non - zero germ in A4*(X), such that Q(hi, ...,%) 
on (X n U)\E . Here E C X DU is & V - set containing the singular set of every qj. After dividing 
Q by Qm we additionly have q m (Z, Z) = 1 and the degree of the monomial S m is not zero. We will 
prove the statement by induction in m. 

For m = 1 we have S\{h\, ...,%) = 0, so at least one of p hj is zero and the set { p hi, . . . , p hfc} 
is algebraically dependent over A4 P (X). 

Now assume that the desired assertion is true for any polynomial containing < m — 1 terms 
and apply the Cauchy - Riemann operators @ to the equation Q(h\, . . . , hh) = 0. There are two 
possibilities 



(a) If C s (qj) = on (X nU)\E for any s and j. Then Proposition ^3 implies that the coefficients 



qj are meromorphic and the set {phi, . . . , p hfc} is algebraically dependent over M. P (X). 

(b) If there exists jo and so such that C So (qj ) ^ , we may apply the induction assumption to 
the polynomial E?L"o 1 (^s 9j)5'i- 



We have the following 

Corollary 3.10 Let P R € Of {X) [u>,u>] be a polynomial in w,w G (D m with real analytic (in 
Z E X) coefficients and p g = ( p gi, ■■■, p g m ) be a germ of a mapping with components in p C^(X) 
which are algebraically independent over Ai p (X). Suppose that there exist a neighborhood U ofp, a 
representative mapping g of p g defined on XC\U , a representaive polynomial R E O (X ClU)[w,w] 
of pR and a V - set E in X DU such that R(Z,g,~g) vanishes on {X n U)\E. Then p R = in 

Of(X)[w,W]- 



Proof : We represent R in the form R = J2j bj(Z,w)w with bj E O u (X n U)[w] . Assume 
that there exists a coefficient bj such that bj Q (Z,g) represents a non -zero element in A4*(X). 
Hence, the system { p gi, . . . , p g m } is algebraically dependent over M1{X). Then Proposition |3T9| 
implies that this system is algebraically dependent over A4 p (X): this is a contradiction. Therefore, 
for any J the coefficient bj(Z,g) represents zero in M*(X). After the complex conjugation we can 
write bj = J2i cji(Z)w 1 . If there exist Jo,Iq such that cj / represents a non - zero element in 
Op^(X), we apply Proposition |3.9| again and obtain a contradiction as above. Thus every cjj = 
in O u (X n U) and R(Z,w,w) = in O u (X n U)[w,w\. This completes the proof. 
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4 Completion of the proofs 



We suppose that we are in the settings of the Main Theorem and will use the notation of section 
2. It suffices to show that (Q) holds. 

Let the target real algebraic set Y be defined by real polynomials P' k (Z',Z') , k = l,...,q, 
Z' G <C N . Since / takes X to Y, we have P k (f,J) = 0, k = 1, . . . , q . 

In this section we use polarization techniques, so we consider real analytic functions as functions 
in Z, Z. Recall also that U is a neighborhood of p in (D n , chosen in section 2 and S is defined by 

©• 

Proposition 4.1 There exist polynomials R k G 0^(X n U)[z',z'], k = l,...q with the following 
property: for every point a G (X (1 U)\E there exist neighborhoods V\ of (a,g(a)) in (fj n+m and V 2 
of h(a) in(D N ~ m such that the intersection (A f D (X x Y) n (Vi x V2)) is defined by 

{(Z,z',w') GV 1 xV 2 :ZG X,Qj(Z, z' , Wj ) = 0, R k (Z,Z , z' ,z') = 0,j = l,...,N,k = l,...,q} 

Proof : The intersection A p f D {X x Y) is defined by the equations 

Q j (Z,z',w' j ) = 0,P^Z',Z , ) = 

Z G X fl U. We can add the conjugate equations Qj = that does not change the solutions. 
Consider the complexified system 



Q j (Z,z',w^ = Q,Q j ((,T,u j ) = 0,P k '(z / ,T,w > ,Lj) = Q (8) 

where j = 1, N, k = 1, q , Z = £, z' = r, w' = uJ and Qj{C, t, Uj) := Qj((,T,iJj). 

By the elimination theory |2l|,|jl2| there exist a neighborhood U of the point (p,p) in (D n (Z) x 
C n (C) and functions Rk(Z , z' , ( , r) G 0(U)[z', r], fe = 1, (which are the resultants of the sys- 
tem (P) with respects to the variables w' and uj) with the following property: for every solution 
(Zq, z' , Co, to, wo, lhq) of (||), such that the leading coefficients of polynomials in (||) are different 
from zero at (Zq, z' ) and (£q, to), there exists a neighborhood W of (Zq, z' , Co, tq, wo,u>q) such that 
for (Z, z' ,(,t,w,oj) G W the system (||) is equivalent to 

Qj(Z,z',w'j) = 0,Qj((,r,ujj) = Q,R k (Z,z ,Q,t) = 

In order to construct R k explicitely, consider the resultant R\(Z, z' ,t, w' 2 , w' n ,uj) of Q\(Z, z' , wi) 
and P' k (z' ,t,w' ,u>) with respect to the variable w^. Since a G (X n U)\E, the leading coefficient of 
Ql(Z, z' , w\) does not vanish at (a, g(a)). Hence, the replacing of P' k by R\ in the system (||) does not 
change its solutions in a neighborhood of (a, f(a)). Consider the resultant R\(Z, z' , t, w' 2 , ...,w' n ,lo) 
of R k and Q 2 with respect to w' 2 , etc. This shows that every P' k in (||) can be replaced by the 
function R k (Z,z' ,t,uj) which is a polynomial in z',t,u> with coefficients holomorphic in Z in a 
neighborhood of p. Consider the the resultant R k +l (Z, z' , (, t, oj 2 , u>n) of Qi and R k with 
respect to ui\ , etc. and repeat the same arguments to eliminate variables tUj. The functions 
R k := R k N satisfy the desired properties. This completes the proof of proposition. 
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Now we are able to show (|j). It follows from Proposition 4.1 that there exist polynomials 



R k (Z,Z,z',z') E O r (X n U)[z',z'],k = l,...,q such that for every a e (X n f/)\E there are 
neighborhoods V\ of (0,5(0)) and V2 of h(a) such that 

.4 f n (x x Y) n (Vi x F 2 ) = (^ pf \x) n {(z, z') e v x : fl fc (z, z, z') = 0, z e x, k = l, q} 

Since the graph is contained in A p f f) (X x Y), we have Rk(Z, Z , g,g') = on (X n f/)\E. 
The system {gi,...,g m } is algebraically independent over Ai p (X) and E C (I fl (/) is a P - 
set, so Corollary 3.10| implies that every R k represents zero in 0^(X)[z' ,z']. Therefore, for any 



a E X\E, close enough to p there exists a neighborhood V of the point (a, / (a)) in (D n x <C N such 
that ((^f |X) n V) n (X x Y) = ((A pf \X) n V). Hence, ir'((A p{ \X) n K) is contained in Y, which 
completes the proof of the Main Theorem. 

The estimate of the transcendence degree and the embedding of the graph of the mapping in a 
complex analytic variety in Theorem [L^ follow from the Main Theorem and the remark in section 
2. In particular, let the dimension of this variety be equal to n i.e. tr.deg p f = 0. Since p f admits a 
one-side holomorphic extension and is C°°, the well known result of Bedford - Bell Q implies that 
pi is real analytic. 
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